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Abstract:
It is shown that the SU(2) Yang-Mills theory in 3-dimensional Riemann-Cartan
space-time can be completely reformulated as a gravity-like theory in terms of
gauge invariant variables. The resulting Yang-Mills induced equations are found,
and it is demonstrated that they can be derived from a torsion-square type of
action.
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1. Introduction Over the past thirty years quite a number of attempts to connect
certain strong interactions phenomena to intricate space-time variables and/or objects
have been suggested.
(a) Already in 1965, in an attempt to describe the hadron spectroscopy in terms of non-
compact groups, i.e. algebras, Dothan, Gell-Mann and Ne'eman [1] conjectured that
the J = 2 Regge trajectory rule can be accomplished by making use of the SL(3; R)
spectrum-generating algebra (SGA) of operators given as the time-derivatives of the grav-
itational quadrupoles. The SL(3; R) SGA was later combined with the Lorentz algebra
yielding the SL(4; R) SGA [2], thus describing in one shot both the single Regge trajectory
recurrences and the corresponding `daughter' states.
(b) The Veneziano dual amplitudes of the late sixties were subsequently rederived in terms
of the Nambu-Gotto string. The string itself, or as an approximation for the gluon-eld
ux-tubes, opened a new era of space-time extended objects in Physics [3]. Moreover,
the string indicates that the existence of a gravity-like component within the QCD gauge
should be no surprise { the truncated massless sector of the open string reduces to a J = 1
Yang-Mills eld theory, while the same truncation for the closed string reduces to a J = 2
gravitational eld theory (since the closed string is the contraction of two open strings).
(c) The Bag Model came as another kind of extended object { it was proposed as a can-
didate for the dynamical approximation of conned color [4]. It is interesting to note that
SL(3; R) is the invariance group of a volume, thus the states described by the corresponding
excitation represent the pulsations and deformational vibrations of a xed volume `bag'.
(d) Salam and others [5-7] have used a gravitational framework to describe hadrons, as-
suming it to be genuinely extraneous to QCD { perhaps a true short range component of
gravity. The `strong gravity' interactions are mediated through an exchange of the addi-







has been shown recently that a strong gravity type of theory { Chromogravity { can be




propagator for the chromometric (two-gluon) eld, indicating connement, as well
as a Regge-like m
2
 J spectrum.
(e) In the course of expressing the QCD theory entirely in terms of eld strengths, Halpern
[10] introduced gauge invariant eld variables of a curved space-time. Recently, Lunev
[11] considered to some extent the problem of expressing the SU(2) Yang-Mills theory in
three dimensions in terms of the gauge-invariant variables arriving at a Rimannian type
of geometry. Freedman et al. [12], addressed the question of the Gauss law constraint
in the Hamiltonian form of the SU(2) gauge theory and found a 3-dimensional spatial
geometry with GL(3; R) structure that underlines the gauge-invariant conguration space
of the theory.
The aim of this paper is to investigate systematically the possibility of expressing the
SU(2) Yang-Mills theory in 3-dimensions solely in terms of SU(2) gauge-invariant space-
time eld variables, i.e. to view it as a kind of Riemann-Cartan space-time geometry.
In order to nd out the precise role and meaning of the SU(2) induced gauge-invariant
space-time quantities, we nd it crucial to embed the Yang-Mills theory into an extrin-




 SU(2) group, i.e. to gauge simultaneously both the 3-dimensional
Poincare symmetry and the SU(2) symmetry.













































, where a = 1; 2; 3 is the SU(2) index, ; ; : : : = 0; 1; 2 are
the world indices, 
abc




= 1) is the Levi-













. We can now



























Yang-Mills theory (expressed, say, in terms of A
a

) has 6 physical degrees of freedom that
2
equals the number of G

components. This fact as well as the fact that the SU(2) group
can be naturally mapped onto the continuous part of the automorphisms group of the 3
space-time translations are in the root of the geometric reformulation of the SU(2) Yang-
Mills theory in terms of gauge invariant variables. In the space-time reformulation, the G

tensor plays the role of a metric tensor of the `Yang-Mills induced' Riemman-Cartan-like
geometry.




SU(2) group. The local (anholonomic) 3-dimensional Lorentz indices are
denoted by i; j; k; : : :, while the world (holonomic) indices are denoted by the Greek letters.
Moreover, we denote the genuine gravity variables by small letters, whereas the Yang-Mills
and/or new gravity-like Yang-Mills induced variables we denote by capital letters. The




























































(i; j = 1; 2; 3), and T
a
(a = 1; 2; 3) are the Lorentz, and the SU(2) group genera-









are the translational, Lorentz, and
SU(2) gauge potentials respectively. The gauge potentials (innitesimal) transformation




































































are the group parameters corresponding to the translational T
3
,
Lotentz SO(1; 2), and SU(2) groups respectively. The translational gauge invariance re-
quires the action integration measure d
3



















= diag(+1; 1; 1)) is the genuine space-time metric.
3
The Levi-Civita symbol 




































































































that play the role of Yang-Mills induced triads, i.e. they convert mutually the Yang-Mills
































and thus the G

(x) tensor eld represent the gauge-invariant Yang-Mills induced space-
time metric.
























































plays exactly the role that has the spin connection in a
Poincare gauge theory. Equation (2.9) relates the spin-like and ane-like Yang-Mills in-
duced connections. To sum up, the Yang-Mills potentials A
ab

and the properly normalized
dual eld strengths E
a

appear geometrically in the same way as the connections and triads
of the conguration space-time appear respectively. By making use of (2.8) and (2.2), we































































































Multiplying (2.8) with E
a





















The meaning of this relation is the compatibility of the Yang-Mills induced connection





is of the Riemann-Cartan type.
3. Curvature and Torsion In building up the space-time Yang-Mills induced geo-






































































. We raise and lower indices of the Yang-Mills originated quantities
by the corresponding metric G

. The Riemann tensor evaluation is dened by (1.1) and
5
(2.8) and this tensor can be determined completely at the kinematical level, while the
torsion tensor, as will be seen below, is related to the Yang-Mills equations of motion.












































































































































































































, where G = det(G

), and

























































































































refer to the true-gravity triads, metric, spin and
ane connection, torsion and curvature respectively.
4. Space-time form of the Yang-Mills eld equations The Yang-Mills action in the




















Variation of (4.1) with respect to A
a







































in (4.2), making use of the fact that (true gravity) Christoel



























































, and by expressing the torsion tensor in terms of the ane connections
































































Thus, the Yang-Mills eld equations can be expressed solely in terms of the new gauge-
invariant space-time quantities as given by (4.6) and the condition (4.5). We point out
that eq. (4.6) is of the kind found in a R+T
2
theory of gravity. Indeed, we will demonstrate
below that (4.6) can be derived from an appropriate action expressed in terms of new space-
time variables only. At rst glance it seems (in the absence of the matter eld source on
the right hand side) that eq. (4.6) yields vanishing torsion. However, its vector component
is given by (4.5), while the other two irreducible components vanish. Thus, the Yang-Mills
induced torsion is non-vanishing.
A trial Yang-Mills charged (or composite, `color' neutral) particle experiences two
metrics, the true gravity one g

and the Yang-Mills induced one G









































































































+ cycl(; ; ) = 0:
(5:2)
Let us rewrite the third set of equations of (5.2) in terms of the Yang-Mills induced vari-





























) + cycl(; ; ): (5:3)
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, and thus we nally obtain the Yang-Mills Bianchi




















This expression states that the contracted metricity of the genuine space-time metric g

with respect to the Yang-Mills induced connection  


vanishes. Note that an analogous
relation is required in the bimetric theory of gravity as an additional constraint relating
two kinds of gravity [13]. In our case, (5.6) is a kinematical constraint.
6. The Action. The Yang-Mills eld equations, rewritten in terms of new variables,
as given by (4.6) mimic the form of the R + T
2
Poincare gauge theory equations. We





























































The last term in (6.1) is of no importance in derivation of the new form of the Yang-
Mills equations (4.6). However this term allows us to transform (4.6) back to the original
Yang-Mills form.
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G) = 0: (6:4)
Equation (6.4) can be factorized (with an appropriate orthogonal transformation) produc-












G = 0: (6:5)
First, we substitute (6.5) into (6.2) and (6.3) getting rid of the terms proportional to
. Second, we substitute thus modied (6.2) into (6.3) arriving at an identity (0 = 0), and
nally we are left with the modied (no  terms) equation (6.2) that is identical to (4.4).



















In other words, on one hand we start from a 3-dimensional SU(2) gauge theory in an
external Riemann-Cartan space-time (or a at space-time and gauged Poincare symmetry),
10
and rewrite the theory in terms of gauge invariant variables (the Yang-Mills induced metric
and connection). The original Yang-Mills equations (4.2) are shown to be given in terms
of the induced torsion, eq. (4.6), while the Yang-Mills Bianchi identities are given as the
Poincare metricity condition for the gauge invariant connection (5.6). On the other hand
we start with a gravity-like torsion-square action (6.1), and derive eq. (4.6), that can
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